We demonstrate the enhanced quantum noise reduction of the output field from an optical parametric amplifier (OPA) by employing the cascaded optical parametric amplifiers (COPA), in which the output field of one OPA is the input field of the subsequent one. The output field noise formulas of the cascaded degenerate and nondegenerate OPAs (CDOPA and CNOPA) are obtained. The analytical results show that a CDOPA and a CNOPA can generate squeezing beams and entangled beams with a wider bandwidth under a low pump parameter, respectively. The cavity output efficiency and the intracavity loss are the main factors for improving the degrees of squeezing and entanglement. Our work will provide improved schemes for designing COPAs to efficiently produce high-quality squeezed and entangled states, which have potential applications in quantum-information processing.
I. INTRODUCTION
Light fields in squeezed or entangled states are the most important sources for the investigation of continuous-variable quantum optics. Squeezed-state fields can be used in precision measurement beyond the shot-noise limit [1] , gravitational wave detection [2] , increase of the channel capacity in optical communication [3] , and much more. Fields in entangled states can be applied in quantum dense coding [4] , quantum key distribution [5] , quantum teleportation [6] , quantum image [7] , quantum computation [8] , etc. In all of these research areas, a high degree of squeezing or entanglement is essential and necessary. Therefore, since 7% light squeezing was obtained in the sodium atomic gas using nondegenerate four-wave mixing for the first time in 1985 [9] , researchers have been exploring and improving many different experimental systems to generate squeezed states of light. Optical parametric amplifiers [OPAs, or optical parametric oscillators (OPOs) below threshold], including degenerate OPAs (DOPAs) and nondegenertae OPAs (NOPAs), have proven to be one of the most effective ways to generate squeezed and entangled states of light [10] [11] [12] [13] [14] [15] [16] [17] .
In recent years, many techniques have been used to improve the degree of squeezing or entanglement, such as utilizing high pump power or periodically poled nonlinear crystal to enhance the nonlinear interaction, choosing semimonolithic or monolithic cavities for less intracavity loss, passing the input light through a mode cleaner to decrease the classical noise [18] , and so on. In Ref. [19] , using a more than 600-mW 532-nm single-frequency laser to pump a monolithic 77% magnesium-oxide-doped lithium niobate (MgO:LiNbO3) cavity, the measured degree of squeezing in the output field reached 11.5 dB. A squeezing of 12.3-dB was obtained at 1550 nm by a semimonolithic DOPA consisting of a piece of periodically poled potassium titanyl phosphate (PPKTP) crystal and a cavity mirror [20] . By using a monolithic PPKTP OPA, a 12.7-dB squeezing was also achieved at 1064 nm [21] . For an * zhangyong@nju.edu.cn NOPA, the degree of entanglement for its signal and idler light beams has recently been shown to be as high as 6 dB [22] .
The squeezed and entangled states mentioned above were all obtained under the condition that the input field was in a coherent state. Of course, an OPA can also be driven by quantized fields [23] . For example, one can make the squeezed light from one DOPA as the seed for another DOPA. When both OPAs are on resonance, the degree of squeezing from the second OPA may be higher than that from the first one [24] . A recent experiment has shown that cascading three NOPAs can make a higher degree of entanglement [25] .
Such multiple cascaded resonant OPA systems (COPA) (including CDOPA and CNOPA) seem to be a very effective method to obtain high-quality squeezed states and entangled states of light. Although the understanding on how to use single OPA to generate high-quality squeezed and entangled states of light is very clear now, the situation for a COPA is still less developed. A theoretical work on the generation of broadband entangled light through cascading triply-resonant NOPAs by numerical iteration was reported earlier [26] . The discussed entangled light is amplitude correlated and phase anticorrelated. The purpose of this work is to give a detailed theoretical description of a COPA to generate high-quality quantum states of light. The paper is arranged as follows. In Sec. II, we deduce the general formulas to describe the degrees of noise squeezing and entanglement for the output fields from the COPAs operating in the amplification or deamplification mode. In Sec. III, the limit of obtainable squeezing for a COPA is analyzed and compared with a single OPA. In Sec. IV, we investigate the influences of various experimental parameters on the quantum noise reduction of a COPA's output field and also give an example which can be experimentally realized. A summary of the paper is presented in Sec. V.
II. EXPRESSIONS FOR THE DEGREES OF SQUEEZING AND ENTANGLEMENT
In the following, we consider a CDOPA and a CNOPA, respectively.
A. Squeezed light generated by a CDOPA First, let us consider a single DOPA such as OPA 1 shown in Fig. 1 . The pump light passes through the second-order nonlinear crystal directly. The DOPA is resonant for the input signal light. When the intensity of the pump light is much larger than that of the signal light, the corresponding Langevin equation for the subharmonic intracavity modeâ is given by [27] 
where τ is the round-trip time and κ is the nonlinear conversion coefficient defined by the product of the nonlinear coupling coefficient of the medium χ and the amplitude of the pump field β. γ = 1 − r, with r being the amplitude reflectivity of the input-output coupling mirror; γ c corresponds to the intracavity loss; and γ = γ + γ c is the total loss. The plus or minus symbol corresponds to the DOPA operated in the amplification or deamplification mode, respectively.â in andĉ are the incoming fields, associated with the coupling mirror and the intracavity loss mechanism, respectively. Using the operator linearization method [28] , i.e.,â = α + δâ, Eq. (1) can be written as
We denote δX = δâ 
We write the Fourier transformation for the equations above. Taking into account the input-output relation δâ out = √ 2γ δâ − δâ in [10] , the fluctuations of the quadrature phase amplitudes of the output field from the DOPA can be obtained by
where = ωτ = 2πf τ , with f being the measurement frequency. Subsequently, when the input light is in the coherent or vacuum field, the fluctuation variances are
Defining the pump parameter σ = κ/γ , Eqs. (5) and (6) can be simplified as
One can see that a DOPA in the amplification mode generates the quadrature phase squeezed light while a DOPA in the deamplification mode produces the quadrature amplitude squeezed light. The degree of squeezing depends on the ratio between the output mirror transmittance loss and the total loss (γ /γ ), the pump parameter (σ ), and the normalized analysis frequency ( 0 ).
Next, we discuss a CDOPA consisting of n identical DOPAs ( Fig. 1) , where the output field of one DOPA works as the input field of the subsequent DOPA. Denote the quadrature phase amplitudes of the output field from OPA i as δX oi and δŶ
n). It is easy to write
In n Out n NC pump 
where δX ci and δŶ ci correspond to the fluctuations introduced by the intracavity loss of DOPA i . For simplicity, we denote
From Eq. (15), we know |a| > |b| and |e| < |f |. Consider a CDOPA operating in the amplification mode. The fluctuations of the quadrature phase amplitudes of the output field can be deduced as
Since the initial input light is in the coherent state, the normalized noise variances of both its quadrature amplitude and quadrature phase fluctuations are 1. Because each DOPA introduces the vacuum noise due to loss, their corresponding normalized variances are also 1. Thereby, from Eqs. (16) and (17) we can get
For n = 1, the above two equations are the same as Eqs. (7) and (8) 
B. Entangled beams generated by a CNOPA
We start from a single NOPA. When the intensity of the pump light is much larger than that of the signal light, the equations of motion for the signal and idler modes are
and
respectively. Here,â 1 andâ 2 are the annihilation operators of the signal and idler modes of the NOPA, respectively. We assume they have the same loss, i.e., γ 1 = γ 2 = γ and γ c1 = γ c2 = γ .â in j andĉ j (j = 1,2) are the incoming fields, associated with the coupling mirror and the intracavity loss mechanism, respectively. The plus or minus symbol corresponds to the NOPA operating in either amplification or deamplification mode. The experimental scheme for a CNOPA can also be described as in Fig. 1 . The input seed light is provided by the light polarized at a 45
• direction, which can be decomposed into the horizontal and vertical directions as the seeds for the signal and idler modes simultaneously.
In order to calculate the quantum correlations of the signal and idler modes, we defined 1 = 1 √ 2 (â 1 +â 2 ) and
. Their quadrature components are expressed byXd
From Eqs. (20) and (21), we can get
Here, we defineĉ
The mathematical method for a CDOPA can be applied to deduce the formulas for a CNOPA. For a CNOPA in the amplification mode, the noise variances of its output fields are
The noise variances of the output fields from a CNOPA in the deamplification mode are V (δ
, and
. A CNOPA in the amplification mode generates the amplitude-correlated and phaseanticorrelated entangled beams, i.e., V (δ [29] . A CNOPA in the deamplification mode generates the amplitude-anticorrelated and phase-correlated entangled beams, i.e., V (δ
) < 1 [29] . In fact, the output signal and idler modes from a CNOPA can compose the bright and dark modes polarized at ±45
• , respectively. For a CNOPA in the amplification mode, the bright mode is a quadrature phase squeezed light [see Eq. (31)] while the dark mode is a quadrature amplitude squeezed light [see Eq. (32)]. For a CNOPA in the deamplification mode, the bright mode is a quadrature amplitude squeezed light while the dark mode is a quadrature phase squeezed light.
Interestingly, Eqs. (30) and (31) for a CNOPA have the same form as Eqs. (18) and (19) for a CDOPA. This is not strange. In physics, both cases correspond to the parametric conversion process between one high-energy photon and two low-energy photons. Moreover, the injected signal and idler lights have the same intensity. It should be noted that the values of χ for a DOPA and an NOPA are different because different effective nonlinear coefficients of the nonlinear optical crystal are involved under the type-I and type-II phase-matching conditions.
III. ANALYSES FOR THE LIMITS OF SQUEEZING
In this section, we discuss the maximum squeezing from COPAs as n → ∞. Since the mathematical expressions for the output fields from a CDOPA and a CNOPA are similar, in the following analysis we call them the COPA's antisqueezing noise V a (defined by the equations involving a and b) and squeezing noise V s (defined by the equations involving e and f ). Because |e| < |f |, it is easy to obtain
where η o denotes the output efficiency of a single OPA. From Eq. (34) one can see that improving the output efficiency and the pump parameter for each OPA will effectively increase the degree of squeezing for the COPA system. To produce a high degree of squeezing, a single OPA has to work near the threshold. In many experiments, the pump parameter was typically near 0.7 to make the OPA stable, which prevented further increase of the degree of squeezing. However, a COPA system can produce ideal squeezed light at a lower pump parameter if the intracavity loss is small enough. This advantage makes the COPA a good candidate for obtaining stable high-quality squeezed light. Of course, the total pump power consumption of a COPA is several times higher than that of a single OPA. Figure 2 compares the dependence of the degrees of squeezing on the output efficiency of a single OPA and a COPA. The degree of squeezing for a COPA is calculated using Eq. (34). Using the same pump parameter, for example, σ = 2/3 (a typical value used in experiments), the squeezing from a COPA is always better than that of a single OPA under various output efficiencies. The advantage of the COPA becomes more obvious as the output efficiency is closer to 1. To achieve squeezing comparable to a COPA, a single OPA has to work at greater σ (see red lines in Fig. 2 ). However, it is hard to make such a system stable in experiment. Under ideal conditions (i.e., at the threshold, at zero frequency, and without intracavity loss), both the single OPA and COPA can produce perfect squeezing.
It is interesting to find in Eq. (34) that the maximum squeezing of a COPA (when n → ∞) doesn't depend on the measurement frequency. Usually, the degree of squeezing for an OPA becomes smaller at a higher measurement frequency. When the cavity is on resonance, light at the central frequency all enters the cavity, participates in the parametric process to generate squeezing, and then outputs from the cavity. For nonresonant light, one part of the light enters the cavity while the other portion is reflected by the cavity. So the degree of squeezing decreases with the increase of the measurement frequency. The COPA system is different. For the light with frequency far away from the cavity's resonant frequency, although each OPA strongly reflects it and only a small portion enters the cavity, due to a cumulative effect, the COPA can make most of the light participate in the squeezing process and generate effective squeezing. In principle, the squeezing bandwidth would be only limited by the bandwidth of phase matching for the second-order nonlinear process [30] . 
IV. EXPERIMENTAL ANALYSES
In this section we analyze the quantum performances of the output field from a COPA numerically. First, we consider how the squeezing and antisqueezing noises change when increasing the number of OPAs. Next, we investigate how to optimize the parameters of a COPA, such as the transmissivity of the input-output mirror, the pump parameter, and the intracavity loss, to achieve better squeezing characteristics. Then, we analyze the relationship between the output noise and the measurement frequency for a COPA. Finally, we propose an experiment to realize a 16.6-dB squeezing.
A. Squeezing and antisqueezing noises
We assume the parameters for each OPA to be γ = 0.016, γ c = 0.003, κ = 0.01, f = 20 MHz, and τ = 2.62 × 10 −10 s. The antisqueezing and squeezing noises normalized by the noise of coherent light with an equal power are shown in Figs. 3 and 4 , respectively.
From Fig. 3 , we can see that the normalized antisqueezing noise increases exponentially with the increase in the number of OPAs. In fact, according to Eq. (15), it is easy to get |a| 2 > |b| 2 by using the above parameters. Therefore, from Eq. (18), the antisqueezing noise can grow exponentially with a base bigger than 1. Figure 4 shows that when increasing the number of OPAs, the noise of the squeezed variable becomes smaller and finally approaches a constant. From Eqs. (15) and (19) , it is easy to get |e| 2 < |f | 2 and lim n→∞ V s = 0.25. Ten OPAs will be needed to reach this limit.
B. Squeezing with different experimental parameters
Figures 5(a)-5(c) show the relationship between the squeezing noise and OPA number under different transmissivities of the output mirror, intracavity losses, and pump parameters, respectively. As one knows, for a single OPA, the classical noise has an obvious influence on the squeezing at a low frequency and the squeezing degree clearly decreases at a high frequency. Hence, the measurement frequency is chosen to be 5 MHz. We assume δ = 0.5%, which is a moderate parameter. The pump parameter is set to be σ = 0.5, which is favorable for the stability of a COPA. The calculated squeezing noise of a COPA with different transmissivity of the output mirror is shown in Fig. 5(a) . One can see that it is easy to achieve the maximum squeezing, e.g., three OPAs can reach the squeezing limit of the COPA when T = 8%. Also, the higher the transmissivity is, the better the degree of squeezing is. For example, a 11.5-dB squeezing can be obtained with T = 12%. However, more pump power is required when increasing the transmissivity of the mirror. As reported in Ref. [19] , 600 mW input power is used to pump an OPA when using an output mirror with T = 12%.
To achieve a higher degree of squeezing, it is inappropriate to further increase the transmissivity of the output mirror because of the limited pump power in experiments. One can first try to reduce the intracavity loss. Figure 5(b) shows the relationship between the squeezing noise and the OPA number under different intracavity losses. The chosen parameters are σ = 0.5 and T = 4%. When δ = 0.5%, it is the same as what the stars of Fig. 5(a) show. The cases for δ = 1% and δ = 0.2% are also shown in Fig. 5(b) . It is clear that better squeezing light can be obtained by cascading OPAs with lower intracavity loss. We select the parameters of T = 4% and δ = 0.5%. The pump parameters σ are tuned to be 0.5, 0.7, and 0.9 in the simulations. The degrees of squeezing both for an OPA and a COPA increase with the increase of the pump parameter. As shown in Figs OPAs, the situation will dramatically change: the antisqueezing noise strongly depends on the measurement frequency while the squeezing noise stays at a low level throughout the frequency range of 0-10 MHz. Therefore, the COPA has significantly expanded the squeezing bandwidth. This result is consistent with the previous work [26] . Broadband squeezing and entangled light fields are very important for the further applications in quantum communications. The squeezing bandwidth for a COPA with a certain number of OPAs can be calculated from Eq. (19), (31), or (32).
D. An example
In Ref. [21] , a 12.7-dB squeezing is obtained at 1064 nm by using a monolithic PPKTP OPA. We adopt the same parameters to setup a COPA. The ratio between the pump power and the threshold power of the OPA is P 532 /P th = 2/3 (i.e., the pump parameter is σ = √ 2/3). The transmissivity of the output mirror is T = 10%, which corresponds to γ = 0.0513. The intracavity loss is L = 3.56 × 10 −3 corresponding to γ c = 1.78 × 10 −3 . From Eq. (19), we can obtain that the squeezing limit of such a COPA is 13 dB. The detection efficiency of 997% is considered. If the total intracavity loss is reduced to 1% (by fabricating a piece of low loss PPKTP crystal, shortening the length of the PPKTP crystal, or coating the non-output side with higher-reflectivity film), the squeezing limit can be further improved to 16.7 dB. Detection efficiency will prevent squeezing being improved further more. In fact, cascading only two such optimized OPAs, a 16.6-dB high-degree squeezing can be achieved from 5 MHz up to 13 MHz. Here we use the round-trip time τ = 1.09 × 10 −10 s calculated from the parameters in Ref. [21] .
V. SUMMARY
We have theoretically studied the quantum characteristics of the output fields of a COPA. The squeezed or entangled variables of the output fields in a COPA are the same as those in a single OPA. The results show that a COPA with n OPAs cannot make the squeezing to be infinitely small and there exists a limit due to the intracavity loss. If the intracavity loss is small enough, a COPA can generate a nearideal squeezed light under a low pump parameter. Although changing other parameters can increase the squeezing degree, decreasing the intracavity loss is the most important factor to reduce the squeezing limit. Using the parameters of the OPAs in recent experiments, cascading two or three OPAs can approach the squeezing limit. Moreover, a COPA can effectively expand the squeezing bandwidth. The analyses in this paper provide useful guidelines for designing experimental systems to obtain high-quality squeezed or entangled states for further potential applications in quantum measurements and quantum communications.
